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Abstract 



We obtain a new free field realization of N = 2 super W3 algebra using the technique 
of quantum hamiltonian reduction. The construction is based on a particular choice of the 
simple root system of the affine Lie superalgebra sl(3\2)^ associated with a non-standard 
sl(2) embedding. After twisting and a similarity transformation, this W algebra can be 
identified as the extended topological conformal algebra of non-critical W3 string theory. 



Many attempts have been done to construct non-critical string theories with W algebra 
symmetry (non-critical W strings) QTJ| , which may be defined beyond the c = 1 barrier of 
non-critical string theory. Physical states of non-critical VT-strings can be characterized by 
the BRST cohomology. It is known that the BRST current has quite non-trivial structure 
due to non-linearity of W^-algebra ||. It is recently understood that the BRST algebra in 
non-critical string theory may be enlarged to the twisted N = 2 superconformal algebra 
i.e. topological conformal algebra 0. Bershadsky, Lerche, Nemeschansky and Warner 
found the topological ^-symmetry in the non-critical H^-string. This fact would be 
universal in a class of non-critical M^-string theories and essential for investigation of 
their properties as topological strings, which is a clue to a non-perturbative formulation 
of string theories in higher dimensions. 

Practical computations involving (topological) W algebra often become complicated 
due to its non-linearity. In this paper we regard the topological Wn symmetry as a 
result of the quantum Hamiltonian reduction of an affine Lie superalgebra sl(N\N — 
l)*- 1 **. We believe that the viewpoint of Lie superalgebra is helpful in more systematic 
understanding of the algebraic structure of topological W symmetry, which is obscured 
by the non-linearity. For example, the existence of the BRST current which has completely 
vanishing nilpotent OPE relation is most clearly understood from the hidden symmetry 
of sl(N\N — 1)W [|J. The Lie superalgebra may also explain the origin of the screening 
operators which play an essential role in investigating the physical spectrum, especially 
the problem of W gravitational dressing. This implies the Lie superalgebra sl(N\N — 1)^ 
is important for geometrical aspects of the theory, such as W moduli. 

In a previous paper ||, we have shown the relation between the topological conformal 
algebra and the Lie superalgebra s/(2|l)' 1 ' using the hamiltonian reduction. In this article 
we will examine the quantum hamiltonian reduction of an affine Lie superalgebra sl(3\2)^ 
and study a free field realization of the N = 2 super-PV^ algebra |J relevant to the 
non-critical W^-string theory. This reduction at classical level has been discussed in 
||. However, the fermionic ghosts that they employed are not free fields due to ghost 
number violation term in the U(l) current, which cannot be expected from the standard 
hamiltonian reduction. We will show that by a similarity transformation the fermionic 
ghosts of Bershadsky et.al. are related to the genuine free fields which naturally appear 
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in the quantum hamiltonian reduction. 

Let us define an affine Lie superalgebra g = sl(N\N — 1)W. The algebra g at level K 
is generated by bosonic currents Ji,j(z) (i, j = 1, . . . , N), JN+ a ,N+b(z) (a, 6 = 1, ... , N — l) 
and fermionic currents ji t N+ a (z), 3N+a,i{z) {i — 1, ■ ■ ■ , N,a — 1, . . . ,N — 1). The diagonal 
part of the bosonic currents satisfies the super-traceless condition: 



N 

i=i 



N-l 

^ JN+a,N+a{z) = 0. 
0=1 



The operator product expansions for these currents are given by 



Ji,j(z)Jk,i( w 



JN+a,N+b(z) JN+c,N+d(u! 
Ji,j{z)JN+a,N+b{ w 
Ji,j{z)jk,N+a{w 

Ji,j{z)jN+a,k{ W 
JN+a,N+b{z)jk,N+c{w 
JN+a,N+b{z)jN+c,k{w 
ji,N+a(z)j N+bJ (w 



z - w 



z — w 



—K(5b, c 5 a ,d + 8g,b8c,d) 5d,gJN+c,N+b(w) — Sb :C JN+a,N+d(w) 



— K5i nS a h 



(z — w)' 

+ 



z — w 



(z — w) 2 

5 j: kjk,N+a(w) 



+ 



z — w 

-5i,kjN+a,j{w) 



Z — W 
Sg, c jk,N+b{w) 

Z — W 
-5b,cjN+a,k{ W ) 



+ ■ 



+ ■ 



z — w 

K8ij5 a ,b . S a ,bJi,j(w) - SijJ N+btN+a (w) 



+ ■ 



(z — w) 2 z — w 

The Lie superalgebra g = sl(N\N — 1) admits several choices of the simple root system. 
In the present paper, we use the following simple root system: oti = — e i+ i (i = 
1, . . . , N — 1), o>n = ejsr — Si, a a +N = S a — 5 a+ i (a = 1, . . . , N — 2), where we introduced an 
orthonormal basis ej (i = 1, . . . , N) and 5 a (a = 1, . . . , iV — 1), which satisfies e« • Cj = 5ij, 
fia'fib — —8a,b- This simple root system, which is characterized as having only one odd root, 
corresponds to a non-standard sl(2) embedding. The standard si (2) embedding gives the 
purely fermionic simple root system, which corresponds to the manifestly supersymmetric 
N = 2 super- Wat algebra J7|. The bosonic currents J it j (Jjv+ a ,iV+&) f° r i 3 ( a 7^ b) 
correspond to even roots Ci — tj (S a — 5b). The fermionic currents ji^+a (jjv+a.i) correspond 
to odd roots — 5 a (S a — e»). The positive roots are e.{ — ej (i < j), 5 a — 5b (a < b) and 



e.j — 5 a - The Cartan currents for simple roots Hi = oti ■ H (i = 1, . . . , 2n) are defined by 

Based on this algebra, we construct the reduced phase space by imposing the con- 
straints. The Lie superalgebra demands the second class constraints. In such a case 
it is convenient to introduce auxiliary free fermions which change the second class con- 
straints to the first class ||. Let us introduce N — 1 pairs of fermionic fields (V'jv+a! i^N+a) 
(a = 1, . . . , N — 1) with weights (1/2 + N — a,l/2 — N + a). The operator product 
expansions are given by 

if) N+a (z)if>lf +i (w) = H . (3) 

z — w 

The constraints which are consistent with the affme Lie superalgebra are 

Ji,j(z) = Sij-x, for i<j, 

Ji,N+a(z) = Si,NlpN +a (z), 

■JN+a,N+b(z) = 5 a>6 _i + ij; N+a ^ N+b (z), for a < b. (4) 

Let us consider the BRST quantization of this constraint system. Introduce fermionic 
ghosts (ci,j(z),bij(z)) (i < j) and (c N+a , N+b (z), b N+a)N+b (z)) (a < b) for the constrains 
for bosonic currents. Bosonic ghosts (y^N+aiz) , Pi,N+a(z)) f° r fermionic constraints. The 
operator product expansions are given by 

Ci,j{z)b K i{w) = ^ H , 

CN+a,N+b{Z)°N+c,N+d{W ) — 1 • , 

z — w 

(3i,N+a{z)lj,N+b{w) = St ' jSa,b H . (5) 

Z — W 

The BRST current is defined as 

JbRSt(z) = ^ Ci,j(Ji,j ~ + X! CN+a,N+b(JN+a,N+b — — ^N+a^N+b) 

i<j a<b 

+ ^2li,N+a{ji,N+a ~ $i,N^N +a ) 
i,a 

CN+a,N+cCN+c,N+bbN+a,N+b 

i<k<j a<c<b 

~ Cijlj,N+af3i,N+a ~ li,N+aCN+a,N+bPi,N+b- (6) 

i<j,a i,a<b 



3 



Indeed the BRST charge Qbrst = § j^Jbrst(z) satisfies the nilpotency condition: 
Qbrst = 0- We wish to investigate the BRST cohomologyQ on the space of operator 
algebra A to t- 

A to t = U%®Cl i) ^®Cl l ~®H~ p -, (7) 

where Ug is the universal enveloping algebra of g, CL the Clifford algebra of auxiliary 
fermionic fields (iplf +a , ipN+a), Cl- hi the Clifford algebra of fermionic ghosts (fejj, Cjj), 
Hs~ the Heisenberg algebra of bosonic ghosts ($i,N+a, li,N+a)- The algebra of BRST 
cohomology HQ BRST (Atot) may be identified with the quantum W algebra. According 
to Feigin-Frenkel |J, we can simplify the full BRST complex by decomposing the BRST 
currents into a constraint part associated with an si (2) embedding and the canonical 
coboundary operator of the nilpotent subalgebra. This double complex can be analyzed 
by using the spectral sequence technique. Recently, a quite interesting observation was 
made by de Boer and Tjin. They found that the components of non-trivial cohomology 
which have zero gradation in total degree of the double complex form a closed algebra 
and the generators are nothing but a free field realization of the quantum iy-algebra|TO| . 



In presence of the second class constraints, however, this standard decomposition does 
not work in general [IT], which makes the analysis more complicated. 



In the present paper, we propose the following decomposition Jbrst{ z ) = Jbrst( z ) + 



Jbrst{z), wh ere 



JbRSt( Z ) — - ^2 C M+1 ~~ ^2 C N+a,N+a+l ~ X] lN,N+a^N +a , (8) 
i a a 

and Jbrst( z ) = Jbrst(z) — Jbrst( z )- Define two BRST charges Qo and Q\ by con- 
tour integration of Jbrst( z ) an d Jbrst( z )i respectively. Note that J% RST is differ- 
ent from the canonical coboundary operator for the nilpotent subalgebra by the term 
Y, a <b^N+a,N+bi ) N+a'4 ) N+b- We can show that these BRST operators satisfy 

Ql = Ql = Q0Q1 + Q1Q0 = 0. (9) 

It is convenient to introduce new currents Jjj, JN+ a ,N+b, ji,N+a and jN+a,i ( see Appendix 

1 This BRST cohomology should not be confused with the BRST cohomology which defines the physical 
spectrum of non-critical strings. 
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A) modified by the ghosts, which satisfy 




i < j 



a <b 



(10) 



The pairs (Jij, b. 



) (i < j), (J N+a , N+b , b N+atN+b ) (a < b) and (ji, N + a , ~Pi,N+a) form BRST 



doublets and decouple from the non-trivial cohomology. Therefore we consider only the 
reduced complex A re d, which spanned by other modified currents and ghosts. In the 
following we shall take N = 3; the sZ(3|2)W case for simplicity. 

Let us consider the Q action on the reduced complex. The action on the modified 
currents is given by 



Qo(j4, 3 ) = (^373,4) + (K+ 1)973,4 + ((^4)73,4) -((^1)73,5), 

Qo(j4, 2 ) = ((#2 + ^4)72,4) + (K + 2)^72,4 + (J 3 ,273,4) + Q^fl) - ((^\)l2 A ) ~ ((Mi)^), 
Q (j4,l) = ((Si + H 2 + ^3)71,4) + (K + 3)97 M + (.72,172,4) + (J 3l l73,4) 
+ (j4,2Cl, 2 ) + (j4, 3 Cl, 3 ) - ((^4^1)71,4) - ((^5)71,5), 

Qo(h,i) = ((7?i + S 2 + S 3 + £4)71,5) + (K + 2)97i i5 + (J 2) i72,5) + (^3,173,5) 

+ (?4,lC 4 , 5 ) + (j5,2Cl, 3 ) - (75,471,4) - ((^5^i)7l,4) - ((^5^5)71,5), 

Qo(j 5 , 2 ) = ((77 2 + S 3 + #4)72,5) + (K + 1)972,5 + (.73,273,5) - (^5,472,4) 

+ (j4, 2 C 4 , 5 ) + (j5, 3 C 2 , 3 ) - ((^5^4)72,4) - ((^5^5)72,5), 

Qo(j5, 3 ) = ((S 2 + #3)73,5) + Kd% 5 + (j 4 , 3 Q, 5 ) - (4473,4) - ((^1)73,4) - ((^5)73,5)- (11) 

Here we define the normal ordered product (AB)(z) for two operators A(z) and B(z) 
by (AB)(z) = J z |^ A ^}^^ ■ We take the Qi-cohomology first. It is easy to see that 
Hq 1 (Ared) is generated by 




(#iCi, 2 ) + (K + l)9c 1)2 , 

(J7 2 g 2 , 3 ) + (# + l)9c 2>3 - (£4,5(^5)), 

((#1 + J7 2 )g 1)3 ) + (J 2 ,ic 2 , 3 ) - ( 73,261,2) + (# + 2)9c 2 , 3 , 

-(7/404,5) - 7T(9c4,5, 



W (0) = 2#i + 3# 2 + 6# 3 + 37/4, 
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Q- (0) 


= 4, 




g + (°) 


= 34,1+35,2, 




r (o) 

2 2 


— ^2,1 + "^3,2 


- hA + J5,3^5 + (J4,3 




= J5,4, 




w~ (0) 


= 4, 






— 3 5,1 j 






= + (j4,l 


+ 75,3)^4 +J4,3^5- 



'A, 



(12) 

From the standard procedure of the spectral sequence [HI, we need to solve the descent 



equation 

Qo(O in) ) = Q!((9 (n+1) ). (13) 
The generators of the total BRST cohomology are given by 

o = c (0) - + e> {2) + ■ • ■ , (14) 

For a moment we shall restrict our concern to the N = 2 superconformal sector. The spin 
one operator U^ ' satisfies Qq(U^) = 0. We get U = . For a spin two operator T^°\ 
we find T = — where 

= -\{Jl,i + Jl,2 + Jh ~%A - J h) ~(H 3 (^4)) -m + H 4 )(^4)) 
-2((^ 4 4)(^4)) + ((4#4)4)) 

-frWl) - (2 + K){d^4 A ) - {^84) - (1 + K){d^4 h ) 

-(1 + K)d% - (2 + K)d% - 3H 3 + ^-^dH 4 . (15) 

Next we consider the fermionic part. For Q~ ^\ we get Q~ = Q~ (°\ For the operator 
Q + , we find Q + = Q + ^ — Q + ^ + Q + ^ — Q + In the present paper we do not want 
to write down explicit formulae for each term in the above expression due to complexity. 
Compared to the sZ(2|l)W case, all of the last terms of solutions to the descent equation 
cannot be written in terms of the modified Cartan currents Ws and the auxiliary fermions. 
We note that the argument of ref. [TtJ is not valid in this case, because we have made a 



non-standard decomposition of the BRST current. The gradation of the free fields in the 
double complex depends on the way of decomposing the BRST operator. Nevertheless 
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we find that we can obtain a free field realization O(z) of N = 2 superconformal algebra 
by collecting the terms which contain if's and ip, ip^s from the corresponding generator 
O(z) of the total BRST cohomology. 

We now derive the free field realization from the quantum hamiltonian reduction 
described above. Introduce four free bosons = (0i, 02, 03, 4>a) and bosonize the modified 



Cartan currents Hi = iaai ■ <90 with a = y/K + T. In the following we use more explicit 
expressions: 



1 = 


-^L<90! - ia\J^d(j)2, 








H 2 = 


-^901 +m^/|(90 2 , 








H 3 = 


- vi* - ^ + 


VE 


03 + ^^4, 




H 4 = 


—aV2d(f)4. 






(16) 



The generators of N = 2 superconformal algebras are found to be (vk = id(pk) 

U = (ip4ipl) + (^5^5) - iaV6v 3 , 
G + = G+ + G+ + <9(AG+), 



G~ = 



5- 



_. a H — )Ova 
V2 a 



-^i>4 - ^1^4 - ^1)V>5 - ^1^5, (17) 



where 



Gt = ^4{(l + a 2 )(9V4^i)-^^^M-^ + T M + (a+-)9T M -v^at; + («9^i) 
t v36m v6 a 



a 

+ 



3 r, lx o 3(2a 4 - a 2 + 2) o2 \ 1 
+ 6^6(0 + - i-^ 5 -^V) [ , 

(X (X I 



3^ 

AG+ = ^5^v / 6at;3-(^4)) + (l-3a 2 )^5 + (l-2a 2 )V4(<9^4) 

-a 2 T M ^4 + d^d(v+fa) + iV&a\dv + )^ + ^ ~ ^ ~ % 2 ^. (18) 



Here we define the energy momentum tensors for WV minimal model (M), WVgravity (L) 
and two ghost systems with spins (3, —2) and (2,-1); 

T M = \v\ + \v\ + y/2(a - ^)dvi, 

1 2 1 2 /3, 1 , 1*„ 



T^ 4 = -2(^1)^4-3^ 



4, 



= -(^1)^-2^5- (19) 

We also define a spin 3 current W^r for the matter sector fl3fl : ^-Wm — V%Wm, where 
~ 3i 9i 

Wm = — 3iv\v2 -j=a Q V2dv 1 -=a Vidv2 — 3iald 2 v 2 , (20) 

v2 v2 

and a = a — i, 6 A / = 22+f^~ ? c m = 2 — 24o;q. Then we have 

tA " 2 + ^ = T ^ + T ^ + T ^ 5 + ( 21 ) 



The chiral supercurrent G + agrees with that used in ref. 0] up to total derivative, after 
changing the variables <p\ <-» 03, 02 ^ 04, and a —>■ ia . 

The present realization looks different from [|J . However if we transform the free fields 
by a similarity transformation [|15j , we can get the expression similar to ref. Q . Define a 
homotopy transformation (A) R (z) of an operator A(z) by 

00 1 

(A) B (z) = e^(,)e^ = £ -(A)? (z), (22) 

where (^4)f = (T^A)^)-!, (A)^ = A and the generator is 

dz 



R = j^R-{z). (23) 



(AB)-i(z) means the simple pole term in the OPE between two operators A(z) and B(w). 
We wish to choose 1Z such that the mixing term T^v^ip^ does not appear in (G + ) R . Then 
we find 

TZ(z) = ~^v + (^4) (24) 
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is such an operator. This transformation was considered in ref. [TE\ in the classical case. 
Under the transformation, the free fields transform as 

(v + ) R = v + -ta 2 d(^4). (25) 

Other fields are invariant. Note that these fields are no longer free fields after this transfor- 
mation. In fact, there appear mixing terms in the U(l) current and the energy momentum 
tensor; 



U R = U - a 2 d{ip 4 ipt) 



,2 



(T N =Y = T N = 2 -(l + ^)d 2 (^4)- (26) 
G~ is invariant. G + transforms as 

(G + ) R = G + + {G + ) R + \{G + )l (27) 
Again (G + ) R takes the form 

(G + ) R =Q R + d(A(G + ) R ), (28) 



where 



+^-(T M -T L )(Md^4)) 



n 2 9 n 2 ?n 2 

+ (-2 + - + a*)(Md^d 2 4)) + (-3 - \ ~ —)(Md 3 ^4)) 

+ ( _ 2 -a 2 -a 4 )(Md 2 ^M)), (29) 

A(G + ) R = ip 5 {iV6av 3 - {ip 4 4)) + (1 - 3a 2 )^ 5 
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-a T M ^4 + I ^-^4 + + a + Z/2 I ^ 4 

+ (^ + a 4 )(Md 2 ^4))- (30) 
We have introduced another spin 3 current; §^Wl = i\p2W L , where 

W L = -vl + 3v 3 vl + 3V2p v 3 dv 4 + 3J^/3 (v 4 dv 4 - v 3 dv 3 ) + ^/3 2 <9V - ^d 2 v 3 (31) 

where = -z(a + £), &l = ^g^, c L = 2 - 24/3 2 . 

Although the ghost coupling term is different from Q , the ghost fields coupled to the 
IF-currents give the same expression. But this comes from the fact that they use the 
same expression of the energy momentum tensor as the untransformed one. 

Next we argue the higher spin current part of the topological W algebra, although 
we do not go into the detailed structure in the present paper. From W 2 we get W 2 = 
Wf ] - W { 2 1) . We can read off the free field realization of another spin two current W^j(^) 
from W 2 . The result is 

W 2 (z) = -ty s 4) + - A {%) 2 + ^Y^dH,. (32) 
The W 2 is a quasi-primary field with respect to T N=2 . But the current 

w 2 = w 2 + j^Avv) - (1 + f';^ 3a2) r- (33) 

4(5 — leer) 5 — leer 

becomes N = 2 primary and obeys the OPE relation of N = 2 super W 3 algebra: 

fr,/^/ \ kl3 2 c N = 2 A 2 (w) dA 2 (w) 

W 2 (z)W 2 (w) = f- - + 21 L + — ^ + • • • , (34) 

[z — w)^ [z — w) z z — w 

where 

and P 2 = ( 1+2a )(i— 4a ) ^ other currents in the N = 2 multiplet are defined by 



3(5-18a 2 ) 

l/2"2, W~ = u_ 1/2 » 2 cxn<a vv 3 - ^r_ l/2 ^_y 

to check that they form the N = 2 super-W^ algebra. 



W + = Gt 1/2 W 2 , W~ = GZ 1/2 W 2 and W 3 = Gt 1/2 GZ 1/2 W 2 . It is a straightforward task 
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In the present paper we have established a new free field realization of N = 2 super- 
W3 algebra, which cannot be written in superspace formalism. To study the degenerate 
representation of the N = 2 super- W3 algebra, we need the screening operators associated 
with the simple roots a, of g 







0+ 









San — e 



(j = l,2), 



(36) 

The singular vectors in the Fock modules of bosons a, ■ <ft f° r £ = 1,2 and 4 can be 
characterized by using the associated screening operators. We take the irreducible rep- 
resentation for these bosons. There is a single boson X 3 ■ <p = (p 3 which is orthogonal to 
these bosons, where Aj denotes the fundamental weight of g: aij ■ Xj = 5{j. Contrary to 
the other bosons, the Hilbert space of 03 remains to be the Fock module. In the case of 
sl(2\lY 1 \ the corresponding free field is identified as the Liouville field, which plays an 
essential role in the analysis of the BRST cohomology of non-critical string theory. One 
might expect that 03 plays a similar role in the 1^-string theory. But this cannot be the 
end of story. This N = 2 model would effectively reduce to a model of non-critical string 
theory, if only the Liouville dressing was considered. Therefore, if we want to introduce 
VT-dressing, which is indispensable to W gravity coupling, we need one more Fock module 
of a free boson. This can be achieved, for example, by ignoring the screening operator 
S'q in the degenerate representation. This suggests that the representation theory of a 
non-compact Lie superalgebra s/(3|2) with the bosonic subalgebra sl(3)(Bsl(2, R)©w(l) is 
preferable for the investigation of the non-trivial observable in the non-critical H^-string 
theory. It would be interesting to examine the recent analysis of the physical spectrum 
of the non-critical Vt^-str ing ||1 6|| [f[4 1 from such a viewpoint of Lie superalgebra. 



The work of K.I. is partially supported by University of Tsukuba Reserach Projects. 
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Appendix A: Definition for currents modified by ghost fields 



J, 



N+a,N+b 



3i,N+a(Z) 
3N+aA Z ) 



(*) = 



Ji,j - Efc=j+1 c j,kh,k + EjUl Cfc,A,j - Ea=l lj,N+aPN+a, for i < j, 

Ji,i + Z)fc=l Ck,ibk,i — J2k=i+1 Ci,kbi,k ~ J2a=l li,N+aPi,N+a 

Si,N Ea=l ^N+a^N+a, for * = 3, 

k ■Ty + Z)fc=l Ck,ii>k,j — Y,k=j+1 Cj,kh,k — Y,a=l lj,N+a(3i,N+ai fo r « > 3- 

JN+a,N+b — Y^i=\li,N+aPi,N+b + Y,c=b+1 CN+b,N+ C i>N+a,N+c 

— J2c=l CN+c,N+ a bN+d,N+b — IpN+ai^N+bi for a < 6 

JN+a,N+a ~ Ylf=lJi,N+afii,N+a ~ ^N+a^N+a 

— Sc=l CN+c,N+ai>N+c,N+a + Y.c=a+1 CN+a,N+j>N+a,N+ci for a = 6 

JN+a,N+b — YsiLl li,N+aPi,N+b ~ Z)c=l +c,N +J> N +c,N +b 
. + Z)£L +1 CAf+b,Af+ c &Af+a,AT+c + i^N+b^N+a, for a > 6. 

i-1 AT-1 

ji,N+a — J! Ck,i(3k,N+a ~ X/ ^N+a,N+bPi,N+b, 
k=l b=a+l 
i-1 N-l 

3N+a,i — X! lk,N+abk,i + X! li,N+bbN+a,N+b- 
k=l b=a+l 
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